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2QHZD\DQGWZRZD\FRXSOHGSUHGLFWLRQVXVHGWRVXFFHVVIXOO\YDOLGDWHWKHPRGHOGHPRQVWUDWHGLIIHUHQWWUHQGVLQ
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,QWURGXFWLRQ 
'LVSHUVHG EXEEO\ IORZV FRQVLVW RI D SRSXODWLRQ RI
JDV EXEEOHV GLVSHUVHG LQ D OLTXLG FRQWLQXXP %XEEO\
IORZVRIGLIIHUHQWNLQGVDUHIRXQGLQDQXPEHURIQDWXUDO
SKHQRPHQD DQG DUH DOVR ZLGHO\ XVHG LQ HQJLQHHULQJ
DSSOLFDWLRQV %DODFKDQGDU 	 (DWRQ  ,Q QXFOHDU
SRZHU SODQWV FRROHG E\ ZDWHU EXEEO\ IORZV DUH
FRPPRQO\ HQFRXQWHUHG ZKHQ ERLOLQJ RFFXUV
JHQHUDWLQJ D ODUJH QXPEHU RI EXEEOHV RQ WKH KHDWHG
ZDOOV7RGUHDV	.D]LPL$OVREXEEOHFROXPQV
DUHZLGHO\XVHGLQFKHPLFDODQGSHWURFKHPLFDOUHDFWLRQ
XQLWVVLQFHWKH\UHPRYHWKHQHHGIRUPRYLQJSDUWVDQG
KDYH JRRG K\GURG\QDPLF DQG PDVVKHDW WUDQVIHU
FKDUDFWHULVWLFVHYHQZLWKODUJHOLTXLGKROGXS6KDKHW
DO  /DX HW DO  7KH FRPSOH[LW\ RI EXEEO\
IORZVGHULYHVIURPEXEEOHLQWHUDFWLRQVZLWKWKHWXUEXOHQW
IOXLGIORZ  :KHQWKHJDVYRLGIUDFWLRQLQFUHDVHVDERYH
EXEEOHEXEEOHLQWHUDFWLRQVDUHQRORQJHUQHJOLJLEOH
(OJKREDVKL7KHVHLQWHUDFWLRQVSURPRWHEXEEOH
FRDOHVFHQFHZLWKWXUEXOHQFHOHDGLQJWREXEEOHEUHDN
XSDQG WKHVHSKHQRPHQDGHWHUPLQH WKHEXEEOHVL]H
GLVWULEXWLRQ ZLWKLQ WKH IORZ DQG PDNH WKH DFFXUDWH
SUHGLFWLRQ RI EXEEO\ IORZV LQ SUDFWLFDO DSSOLFDWLRQV
SDUWLFXODUO\FKDOOHQJLQJ  
:LWK WKH GHYHORSPHQW RI KLJK SHUIRUPDQFH
FRPSXWLQJ+3&SODWIRUPVLQUHFHQW\HDUVQXPHULFDO
VLPXODWLRQV DUH QRZ FDSDEOH RI UHVROYLQJ GHWDLOV RI
FRPSOH[ IOXLGPHFKDQLFSURFHVVHV WKDWDUHGLIILFXOW WR
FDSWXUH HYHQ ZLWK WKH PRVW DGYDQFHG H[SHULPHQWDO
WHFKQLTXHV 2YHU WKH \HDUV YDULRXV DGYDQFHG
FRPSXWDWLRQDO IOXLG G\QDPLFV PHWKRGV KDYH EHHQ
GHYHORSHG WR VLPXODWH DQG EHWWHU XQGHUVWDQG WKH
G\QDPLFVRIWXUEXOHQWEXEEO\IORZV  
2I WKH PHWKRGRORJLHV DYDLODEOH (XOHULDQ
/DJUDQJLDQDSSURDFKHVWUHDWWKHFRQWLQXRXVSKDVHLQ
DQ(XOHULDQIUDPHZRUNDQGWKHPRWLRQRILQGLYLGXDORU
JURXSV RI EXEEOHV LV VLPXODWHG E\ VROYLQJ 1HZWRQ¶V
VHFRQG ODZ RI PRWLRQ E\ DFFRXQWLQJ IRU WKH IRUFHV
DFWLQJ RQ HDFK EXEEOH %\ LQFRUSRUDWLQJ EXEEOHIOXLG
DQG EXEEOHEXEEOH LQWHUDFWLRQV HJ EXEEOH
FRDOHVFHQFHDQGEUHDNXSWKHPHWKRGSURYLGHVDZD\
WRVLPXODWHSKDVHLQWHUDFWLRQZLWKDPXFKKLJKHUVSDWLDO
UHVROXWLRQ WKDQ RWKHU PHWKRGV VXFK DV (XOHULDQ
(XOHULDQDSSURDFKHV2QWKHRWKHUKDQGWKHEXEEOHV
DUHFRQVLGHUHGDVSRLQWVZKLFKPHDQVWKDWWKH\VKRXOG
EHVPDOOHUWKDQWKHVPDOOHVWUHVROYHGWXUEXOHQFHVFDOH
,QDGGLWLRQFORVXUHUHODWLRQVIRU WKH LQWHUSKDVHIRUFHV
DUH UHTXLUHG DQG WKHVH DUH VWLOO PDLQO\ EDVHG RQ
HPSLULFDO UHODWLRQV IURP H[SHULPHQWV +RZHYHU RYHU
WKH GHFDGHV (XOHULDQ/DJUDQJLDQ DSSURDFKHV KDYH
VXFFHVVIXOO\ EHHQ DSSOLHG WR WKH VLPXODWLRQ RI WKH
EHKDYLRXU RI PLFUREXEEOHV LQ WXUEXOHQFH :DQJ 	
0D[H\6SHOW	 %LHVKHXYHO0D]]LWHOOLHWDO
6Q\GHUHWDO    
,QWKLVZRUNDQ(XOHULDQ/DJUDQJLDQPRGHOZKHUH
GLUHFWQXPHULFDOVLPXODWLRQ'16LVXVHGWRSUHGLFWWKH
OLTXLG SKDVH IORZ ILHOG LV GHYHORSHG DQG DSSOLHG WR
EXEEO\ IORZV LQ D YHUWLFDO FKDQQHO ,Q '16 DOO WKH
FRQWLQXXP IORZ OHQJWK DQG WLPH VFDOHV DUH UHVROYHG
DQGLWLVXVHGKHUHWRJDLQXQGHUVWDQGLQJRIWKHFRPSOH[
SK\VLFDO SKHQRPHQD RFFXUULQJ GRZQ WR WKH VPDOOHVW
OHQJWKVFDOHV7KHNQRZOHGJHJHQHUDWHGWKURXJKVXFK
VWXGLHV LV EHLQJ LQFUHDVLQJO\ XVHG WR LPSURYH WKH
FORVXUH UHODWLRQV WKDW DUH HPSOR\HG LQ PRUH
PDFURVFRSLFWUHDWPHQWVVXFKDVWKH(XOHULDQ(XOHULDQ
PXOWLIOXLGPRGHO 'HHQHWDO ,Q WKHFRQWH[WRI
EXEEO\ IORZV '16 KDV VWDUWHG WR EH DSSOLHG RQO\
UHODWLYHO\UHFHQWO\VLQFHWKHJURZWKRI+3&KDVPDGHLW
DIIRUGDEOH5DVTXLQHWDO  
7KH'16VROYHULVFRXSOHGWRD/DJUDQJLDQSDUWLFOH
WUDFNLQJ URXWLQH WKDW FRPSXWHV WKH WUDMHFWRU\ RI HDFK
EXEEOHLQWKHIORZ7KHDLPRIWKHZRUNLVWRHYDOXDWH
WKH DFFXUDF\ RI WKH RYHUDOO PHWKRG IRU WKH HIIHFWLYH
SUHGLFWLRQ RI EXEEOH G\QDPLFV DQG LQWHUDFWLRQV LQ
WXUEXOHQW IORZV DQG WKH LPSDFW RI WKH IOXLG IORZ
WXUEXOHQFH RQ EXEEOH FRDOHVFHQFH DQG EXEEOH VL]H
HYROXWLRQ 7KH PRGHO LV LQLWLDOO\ YDOLGDWHG DJDLQVW
OLWHUDWXUH UHVXOWV IRU RQHZD\ DQG WZRZD\ FRXSOHG
IORZV ZLWK PLFUREXEEOHV KDYLQJ GLDPHWHUV RI  ȝP
DQGȝP7KLVVL]HUDQJHLVRIUHOHYDQFHWRPXOWLSOH
HQJLQHHULQJ DSSOLFDWLRQV VXFK DV WKH WUHDWPHQW RI
ZDVWHZDWHUDQGVHZDJHZLWKPLFUREXEEOHVRIȝP
WKDW VHSDUDWH SDUWLFXODWHV IURP SRWDEOH ZDWHU WDNLQJ
DGYDQWDJHRIWKHKLJKVXUIDFHDUHDWRYROXPHUDWLRRI
WKHVH EXEEOHV :HQ HW DO  6XEVHTXHQWO\ WKH
PRGHO LV H[WHQGHG WR IRXUZD\ FRXSOLQJ ZLWK WKH
DGGLWLRQRIDVSHFLILFPRGHOWRHYDOXDWHEXEEOHFROOLVLRQ
DQG FRDOHVFHQFH 7KH FDSDELOLWLHV RI WKH IRXUZD\
FRXSOHGPRGHODUHHYDOXDWHGLQDFKDQQHOXSIORZDQG
GRZQIORZ RI ZDWHU DW 5HĲ    ZLWK PLFUREXEEOHV
KDYLQJGLDPHWHUVRIȝP 
1XPHULFDO$SSURDFK 
7R UHVROYH WXUEXOHQFH G\QDPLFV GRZQ WR WKH
VPDOOHVWVFDOHV'16UHOLHVRQ accurate algorithms that 
have maximum efficiencyDQGORZQXPHULFDOGLVVLSDWLRQ
DQGILQHVSDFHDQGWLPHGLVFUHWL]DWLRQ,QWKLVZRUNWKH
KLJKRUGHUVSHFWUDOHOHPHQW1HNFRGH)LVFKHUHW
DO  LV XVHG 7KH FRGH VROYHV WKH JRYHUQLQJ
FRQWLQXLW\ DQG PRPHQWXP EDODQFH HTXDWLRQV IRU WKH
IOXLGSKDVHZKLFKDUHZULWWHQLQQRQGLPHQVLRQDOIRUP
DVEHORZ 
1RQGLPHQVLRQDOFRQWLQXLW\HTXDWLRQ  
 ׏  ? ݑכ ൌ  ? (1) 
 
1RQGLPHQVLRQDOPRPHQWXPHTXDWLRQ  
 ߲ݑכ߲ݐכ ൅ ሺݑכ  ? ׏ሻݑכ ൌ െ׏݌כ ൅  ?ܴ݁஻ ׏ଶݑכ ൅ ௜݂כ (2) 
 
+HUHILLVDQDUELWUDU\IRUFLQJWHUPWKDWLQFRUSRUDWHVWKH
LPSRVHG SUHVVXUH JUDGLHQW XVHG WR GULYH WKH VLQJOH
SKDVHIORZDQGIHHGEDFNIURPWKHEXEEOHVWRWKHIOXLG
SKDVHXDQGSDUHWKHQRQGLPHQVLRQDOYHORFLW\DQG
SUHVVXUH UHVSHFWLYHO\ $OO WKH SDUDPHWHUV DUH
QRUPDOL]HG E\ XVLQJ WKH KDOIFKDQQHO ZLGWK į DV WKH
UHIHUHQFHOHQJWKVFDOHDQGWKHEXONYHORFLW\8EDVWKH
UHIHUHQFHYHORFLW\VFDOHZKLFKUHVXOWVLQWKHUHIHUHQFH
WLPHVFDOHEHLQJį8E  
7KH IORZ GRPDLQ VWXGLHG LV D YHUWLFDO FKDQQHO
PRGHOOHG ZLWK WZR SDUDOOHO ZDOOV 7KH VL]H RI WKH
FRPSXWDWLRQDO GRPDLQ LV ʌįîʌįîį DQG LW LV
GLVFUHWL]HG LQWR îî HOHPHQWV DQG  PLOOLRQ
*DXVV/REDWWR/HJHQGUH *// JULGSRLQWV XVLQJ WK
RUGHU VSHFWUDO HOHPHQWV 7KH JULG UHVROXWLRQ LV
FRPSDUDEOHWRRUKLJKHUWKDQRWKHUDYDLODEOHOLWHUDWXUH
VWXGLHVRIWKHVDPHIORZFRQGLWLRQ*LXVWLHWDO
Molin et al. 2012 6WUHDPZLVH ZDOOQRUPDO DQG
VSDQZLVH GLUHFWLRQV DUH GHQRWHG E\ [ \ DQG ] DQG
SHULRGLF FRQGLWLRQV ZHUH DVVXPHG LQ ERWK WKH
VWUHDPZLVH DQG VSDQZLVH GLUHFWLRQV 7KH QRVOLS
FRQGLWLRQZDV LPSRVHGDW WKHZDOOVDQG WKH IORZ ZDV
GULYHQ E\ DQ LPSRVHG SUHVVXUH JUDGLHQW LQ WKH
VWUHDPZLVH GLUHFWLRQ GHWHUPLQHG IURP WKH 5H\QROGV
QXPEHU  
,Q RUGHU WR PRGHO WKH WUDQVSRUW RI WKH GLVSHUVHG
SKDVH D /DJUDQJLDQ EXEEOH WUDFNLQJ URXWLQH ZDV
GHYHORSHG DQG LQWHUIDFHG ZLWK 1HN 7KH WUDFNHU
VROYHV WKHQRQGLPHQVLRQDO IRUPRI1HZWRQ¶V VHFRQG
ODZ HTXDWLRQ RI PRWLRQ IRU HDFK EXEEOH XVLQJ D
WLPHVWHSHTXDO WR WKDWRI WKH IOXLG IORZVROYHU)RUFHV
DFWLQJ RQ WKH EXEEOH DUH GUDJ OLIW YLUWXDO PDVV
SUHVVXUHJUDGLHQWJUDYLW\DQGEXR\DQF\ 
 ߩ௕כ ݀ݑ௕௜כ݀ݐכ ൌ ܥୈ߬௕  ?ߩ௕כ หݑ௙௜כ െ ݑ௕௜כ ห൫ݑ௙௜כ െ ݑ௕௜כ ൯ ൅ ሺ ? െ ߩ௕כሻ  ?ܨݎ 
 ൅ܥ୚୑ ቆܦݑ௙௜כܦݐכ െ ݀ݑ௕௜כ݀ݐכ ቇ ൅ ܦݑ௙௜כܦݐכ ൅ ܥ୐൫ݑ௙௜כ െ ݑ௕௜כ ൯ ߲ݑ௙௜כ߲ݔכ  (3) 
 
ZKHUH ߩ௕כ  LV WKH QRQGLPHQVLRQDO EXEEOH GHQVLW\ ݑ௙௜כ 
DQG ݑ௕௜כ  DUH WKH QRQGLPHQVLRQDO IOXLG DQG EXEEOHYHORFLW\ &' LV WKH GUDJ FRHIILFLHQW ĲE WKH EXEEOH
UHVSRQVHWLPH)U WKH)URXGHQXPEHUCVM the virtual 
mass coefficient and CL the lift coefficient. 7ZRZD\
FRXSOLQJ ZDV DFKLHYHG E\ LQFOXGLQJ IHHGEDFN IURP
HDFK EXEEOH WR WKH IOXLG SKDVH WKURXJK IL LQ WKH
PRPHQWXPFRQVHUYDWLRQHTXDWLRQ(T 
,Q IRXUZD\ FRXSOHG VLPXODWLRQV EXEEOHEXEEOH
LQWHUDFWLRQVDUHDOVRDFFRXQWHGIRUEHFDXVHZKHQWKH
EXEEOHFRQFHQWUDWLRQLVVXIILFLHQWO\KLJKWKHQXPEHURI
EXEEOH FROOLVLRQV LQFUHDVHV VLJQLILFDQWO\ DQG FDQ QR
ORQJHUEHQHJOHFWHG,QWKLVZRUNRQO\ELQDU\FROOLVLRQV
ZHUHFRQVLGHUHGDQGWKHVHZHUHPRGHOOHGZLWKDKDUG
VSKHUHFROOLVLRQDSSURDFK:KHQ WZREXEEOHVFROOLGH
WKHUHIRUHWKHUHDUHWZRSRVVLEOHRXWFRPHVLHWKHWZR
EXEEOHVPHUJHDQGFRDOHVFHRUWKH\ERXQFHRIIHDFK
RWKHU DIWHU WKH FROOLVLRQ  1XPHURXV PRGHOV DUH
DYDLODEOH to determine whether the bubbles coalesce 
after they collide. These have been recently 
summarized in the comprehensive work of Liao and 
Lucas (2010). In this work, the film drainage model 
proposed by Prince and Blanch and the contact 
model of Sommerfeld et al. (2003) were adopted first. 
In addition, DGLIIHUHQWFRQWDFWWLPHPRGHO.DPSHWDO
DQGWKHHQHUJ\PRGHOSovováZHUHDOVR
HYDOXDWHG 
$FFRUGLQJ WR WKH ILOP GUDLQDJH PRGHO ZKHQ WZR
EXEEOHV FROOLGH D WKLQ OLTXLG ILOP UHPDLQV WUDSSHG
EHWZHHQ WKHP (Chesters 1991; Oolman and Blanch 
1986). Coalescence only happens if the interaction 
between the bubbles lasts long enough to allow the 
liquid to drain and the film to thin down to a thickness 
at which bubble rupture occurs. In the model, this 
happens only when the bubble contact time tcontact is 
greater than the film drainage time tdrainage. The contact 
time was modelled according to Sommerfeld et al. 
(2003): 
 (4) 
ݐ௖௢௡௧௔௖௧ ൌ ܥ௖ݎ௘௤ݑ௡  
 
+HUHUHTLVDQHTXLYDOHQWEXEEOHUDGLXVRIWZRFROOLGLQJ
XQHTXDOVL]HGEXEEOHVRIUDQGUCc is a constant that 
determines the deformation distance as a fraction of the 
effective bubble radius and un is the normal component 
of the relative impact velocity.The drainage time was 
taken from Prince and Blanch (1994): 
 ݐௗ௥௔௜௡௔௚௘ ൌ ඨݎ௘௤ଷߩ஼ ? ?ߪ ݈݊ ቆ݄଴݄௙ቇ (5) 
 
where ı is the surface tension and ȡc the density of the 
continuous fluid phase. For an air-water system, the 
initial film thickness ݄଴ and the final thickness before 
rupture ݄௙  were taken to be 10-4 m and 10-8 m, 
respectively. The contact time from Kamp et al. (2001) 
was also tested. In their model, the contact time is 
expressed from a balance between the increasing 
surface free energy and the corresponding reduction in 
the kinetic energy of the system: 
 ݐ௖௢௡௧௔௖௧ ൌ ߨ ?ቆ ?ߩ௖ܥ௏ெݎ௘௤ଷ ?ߪ ቇଵȀଶ (6) 
 
The energy model was firstly developed by Howarth 
(1964, 1967). In this model, coalescence depends on 
the impact of the colliding bubbles, i.e. the relative 
velocity of two colliding bubbles should be larger than a 
critical value. Based on this, Sovová (1981) proposed 
the energetic collision model, in which coalescence 
occurs if the kinetic collision energy Ekin exceeds the 
surface energy Es: 
 ܧ௦ ൌ  ?ߪ ቀߨ ?ቁଶȀଷ ሺݎଵଶ ൅ ݎଶଶሻ (7) ܧ௞௜௡ ൌ  ?ߨ ? ߩ௚ݑ௥௘௟ଶ ݎଵଷݎଶଷݎଵଷ ൅ ݎଶଷ (8) 
 
7KH QHZ EXEEOH¶V UDGLXV DIWHU FRDOHVFHQFH was 
calculated from a volume balance: 
 ݎ௡௘௪ ൌ ሺݎଵଷ ൅ ݎଶଷሻଵȀଶ (9) 
 
Initially, a single-phase flow at ReĲ = 150 was 
simulated until a statistically steady-state was reached. 
Then, a total of 181,340 and 22,659 bubbles of 
diameters db = 110 ȝm and 220 ȝm, respectively, were 
injected for the one-way and two-way coupled cases. 
The number of bubbles used corresponds to a void 
fraction of 0.01%, which is low enough for bubble-
bubble interactions to be neglected. The bubbles were 
injected with a random spatial distribution in the fully 
developed turbulent channel flow, with the initial bubble 
velocities matching those of the fluid at the bubble 
centre. When a bubble reached a periodic boundary, it 
was re-injected at the corresponding boundary, 
keeping the average void fraction of the bubbles 
constant. Both upflow and downflow flow conditions 
were studied and the results validated against the DNS 
simulations of Giusti et al. (2005) and Molin et al. 
(2012).  
After the validation, the number of 110 ȝm bubbles 
was increased to 1,928,513 for the four-way coupled 
case. This number was used to obtain a void fraction of 
0.1%, necessary to record a significant number of 
bubble collisions. 
5HVXOWVDQG'LVFXVVLRQ 
The single-phase flow at shear Reynolds number 
ReĲ = 150 was validated against the DNS database of 
Molin et al. (2012). The computation was run until fully-
developed conditions were reached. Once attained, the 
flow field was averaged until the mean flow statistics 
were independent of time. The instantaneous 
streamwise velocity in the channel is shown in Fig. 1, 
together with the GLL grid-points.  
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Figure 1: Computational mesh and non-dimensional 
instantaneous streamwise velocity in the channel for 
the single-phase flow at ReĲ = 150. 
 
Time- and space-averaged Nek5000 results, 
normalized by the shear velocity (specified with the 
superscript +, while * is used for variables normalized 
with bulk quantities), are compared with the predictions 
of Molin et al. (2012) in Fig. 2. Excellent agreement is 
obtained for the mean streamwise velocity in Fig. 2(a) 
and the root mean square (rms) of the velocity 
fluctuations and Reynolds shear stress in Fig. 2(b).  
One-way and two-way coupled simulations with 
microbubbles of diameters db = 110 µm and 220 µm 
were also successfully validated. Here, we present only 
the bubble distribution in the upflow channel with db = 
ȝP bubbles (Fig. 3). Driven by the lift force, small 
spherical bubbles accumulate near the wall of the 
channel, as shown in Fig. 3(b). Conversely, in 
downflow, since the bubbles travel more slowly than the 
fluid, the same lift force pushes the bubbles towards the 
centre of the channel. Fig. 3(a) shows the bubble 
distribution in the viscous sub-layer in upflow, 
superimposed on the velocity field. Clearly, the bubbles 
preferentially concentrate in regions of low fluid 
velocity. 
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)LJXUH,QVWDQWDQHRXVEXEEOHGLVWULEXWLRQLQXSIORZDW
5HĲ IRUGE ȝPEXEEOHVD,QVWDQWDQHRXV
EXEEOH GLVWULEXWLRQ LQ D WKLQ VOLFH RI WKH YLVFRXV VXE
OD\HU ZLWK FRQWRXU OHYHOV RI IOXLG VWUHDPZLVH YHORFLW\
DQGE LQVWDQWDQHRXVEXEEOHGLVWULEXWLRQZLWKFRQWRXU
OHYHOVRIEXEEOHVWUHDPZLVHYHORFLW\LQZKROHFKDQQHO 
After successful validation, the four-way coupled 
model was applied to the upflow and the downflow 
conditions at ReĲ = 150 with db = 11ȝP bubbles, and 
a void fraction of 0.1%. The bubble mean velocity 
profiles, and normal and shear stresses, for both upflow 
and downflow are compared in Fig. 4. The bubble 
number density, normalized by its initial value, is also 
plotted as a function of the distance from the wall in Fig. 
5. Under the effect of the lift force, more bubbles travel 
to the wall area in upflow with the bubble concentration 
peaking at the wall. Conversely, in downflow, more 
bubbles move towards the centre of the channel and a 
bubble depleted region is found close to the wall. 
Figure 4(a) shows that, as expected, bubbles travel 
faster in upflow than in downflow. Similar levels of 
bubble normal and shear stresses are found in the two 
flows (Fig. 4(b)), except for the peaks in the near-wall 
region. There, the streamwise rms and the turbulent 
shear stress are higher in upflow. This follows from the 
tendency of the bubbles to enhance the fluid turbulence 
in upflow and suppress it in downflow. In the immediate 
vicinity of the wall, however, rms values in downflow 
tend to become higher, but this is a consequence of the 
small number of bubbles in this region that prevented 
statistically meaningful averaging. Therefore, additional 
results closer to the wall are not shown for the downflow 
case. 
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Figure 4: Bubble velocity statistics in four-way coupled 
XSIORZʊDQG downflow (- - -) at ReĲ = 150 with db = 
110 bubbles. (a) Mean streamwise velocity (ݑ௕௫ା ); and 
(b) wall-normal ( ݑ௕௬ǡ௥௠௦ᇱା ), spanwise ( ݑ௕௭ǡ௥௠௦ᇱା ) and 
streamwise (ݑ௕௫ǡ௥௠௦ᇱା ) rms of velocity fluctuations, and 
shear stress (ݑ௕௫ᇱା ݑ௕௬ᇱା ). 
0 30 60 90 120 150
-1
0
1
2
3
y+
(b)
N
or
m
al
 a
n
d 
sh
ea
r 
st
re
ss
es
u
'+
y
' 
rms
u
'+
x
u
'+
y
u
'+
z
' 
rms
u
'+
x
' 
rms
0 30 60 90 120 150
-1
0
1
2
3(b)
Bu
bb
le
 n
or
m
al
 a
n
d 
sh
ea
r 
st
re
ss
es
y+
u
'+
bxu
'+
by
u
'+
bx
' 
rms
u
'+
bz
' 
rms
u
'+
by
' 
rms
0 30 60 90 120 1500
1
2
3
4
c/
c 0
y+
 
Figure 5: Four-way coupled bubble number density 
profiles normalized by the initial bubble concentration 
in XSIORZʊand downflow (- - -) at ReĲ = 150 with db 
= 110 ȝP bubbles. 
 
Collision and coalescence events were recorded 
and their distribution in the wall-normal direction is 
presented in Fig. 6. Because of the high concentration 
of bubbles near the channel walls in upflow, more 
collisions are found in these regions than in the channel 
centre, as shown in Fig. 6(a). Since this occurs not only 
in upflow, but also in downflow, the peaks are also due 
to higher levels of turbulence in these regions 
promoting collisions. In contrast with the upflow, the 
number of collisions in downflow decreases again in the 
very near-wall region (Fig. 6(b)), because of the small 
number of bubbles in these regions.  
In Fig. 6, the coalescence efficiencies are found to 
be 100% in both cases, such that every collision in the 
channel results in a coalescence. These results were 
obtained using the model of Sommerfeld et al. (2003), 
which estimates the bubble contact time from the time 
taken by a bubble with a certain relative collision 
velocity to travel a distance equal to a specified fraction 
of the bubble radius. This fraction is arbitrarily set to 
0.25, and deceleration of the bubble during the collision 
process is neglected. Hence, the model of Kamp et al. 
(2001) was also tested. The results, however, also 
showed the same 100% efficiency in both flows, since 
the contact time between the bubbles was always long 
enough to allow drainage of the liquid film trapped 
between them. In contrast, the results changed 
completely when using the energy model, where 0% 
coalescence efficiency was found, suggesting further 
investigation into the accuracy of different coalescence 
models is desirable. 
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)LJXUH  3') RI EXEEOH FROOLVLRQ DQJOHV LQ GLIIHUHQW
UHJLRQVRIWKHFKDQQHOLQXSIORZDW5HĲ ZLWKGE 
 ȝP EXEEOHV D 9LVFRXV VXEOD\HU E EXIIHU
UHJLRQFORJODZUHJLRQGEXONIORZUHJLRQ 
 
$Q H[SODQDWLRQ IRU WKH  HIILFLHQF\ RI WKH ILOP
GUDLQDJHPRGHODQGIRUWKHHQHUJ\PRGHO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LQ WKH UHVXOWV RI )LJV  DQG  ,Q )LJ  WKH UHODWLYH
EXEEOH FROOLVLRQYHORFLWLHV LQ WKH VWUHDPZLVH GLUHFWLRQ
DUHSORWWHGLQGLIIHUHQWUHJLRQVRIFKDQQHO,Q)LJWKH
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